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1 The arterial network

We assume that the arterial network is made up of IV vessels with a single inlet
from the ventricle, denoted as 0, and K terminal vessels through which blood
is conducted from the arterial system into the microcirculation (see Figure 1).
Note that the network is not necessarily a simple bifurcating tree, but can
contain loops. Also note that nonuniform vessels can be divided into segments
that are effectively uniform, making the analysis applicable to realistic arterial
networks.

0-root N - vessels K- termini

Fig. 1 Sketch of the arterial network. The network consists of N vessels, each of which
has an average instantaneous pressure P (¢) and constant compliance C),. The root of the
network, denoted as 0, is connected to the ventricle which generates a volume flow rate
Qo(t). There are K terminal vessels connected to the local microcirculation. The flow out

of the terminal vessels is assumed to be resistive with resistance R, and back pressure Poo.
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2 Estimating the reservoir pressure

The lack of a general analytical solution for the reservoir pressure P defined
by Eq. (7) is unfortunate. The existence of a unique solution is adequate
for the calculus of variations analysis of the excess work, but there are many
applications where a solution would be useful. We note, however, that a general
solution of Eq. (7) would depend upon the compliances of all of the vessels
C,h, n € N and the resistances of all of the terminal vessels R,, n € K;
information that is clinically unavailable. It is, therefore, necessary to find a
way of estimating P if the reservoir-excess pressure hypothesis is to be useful
clinically.

To do this, we observe that the time that it takes for a wave to propagate
through the arterial system is generally much less than the cardiac period T'.
For example, measurements in the human aorta show that the time it takes
the initial compression wave to traverse the length of the aorta is ~ 50 ms
whereas T' ~ 1 s. If 7, is small compared to T" we can use Taylor’s theorem to
expand P, (t),

Bo(t) = P(t — 1) = P(t) — 7 dl;it)

+O(T3).

Substituting into equation (4), we obtain the linear ODE

P(t) — P — 7,221 1 O(72)

dP(t)  d*P(t) ) 2

which, neglecting terms of O(7}!), reduces to the ODE

CIPO) PO =P o

where we have used the previously defined C' and R for the net compliance
and resistance of the arterial system. This is the classical Windkessel equation
(2).

We see, therefore, that the solution to the Windkessel equation provides
a first estimate to the reservoir pressure. This argument has been developed
into an algorithm that can be used to estimate the reservoir pressure from a
measured pressure waveform [1]. This algorithm has been used to calculate
the reservoir pressures in Fig. 2.

Briefly, the algorithm is based on three assumptions: 1) that the reservoir
pressure can be represented by an exponential fall-off during diastole, 2) the
flow at the aortic root is proportional to the excess pressure there and 3) the
arteries are well-matched for forward waves so that the excess pressure at the
aortic root propagates without significant change to the more distal arteries.
The first assumption follows from the solution of the global conservation equa-
tion during diastole when Q9 = 0 and can be seen from the figure to be a good
one in most cases, although more complex pressure waveforms are seen during
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Fig. 2 Pressure measurements from 6 locations starting approximately 5 cm from the aortic
valve (black curve) at intervals of 10 cm along the length of a normal human aorta (succes-
sively lighter gray curves). Upper left: the data plotted as a function of time relative to the
peak of the R-wave of the simultaneously measured ECG. Lower left: The reservoir pressure
calculated from each of the measured pressure waveforms plotted on the same time axis [1].
Upper right: the data shifted so that the end diastolic point (the time of minimum pressure,
tq) corresponds to P = 0 and t = 0. Lower right: the reservoir pressure plotted on the same
axes. For ease of comparison, all pressures are shown relative to the diastolic pressure, Py.
Although the waveforms measured at the different sites are very different from each other,
the reservoir pressure plotted relative to the foot of the measured pressure waveform is very

similar.

diastole in some cases. The other assumptions are based on experimental ob-
servations reported in [1] and [2]. These assumptions require further testing,
but the algorithm has proven to be robust and has given reasonable results
when applied to clinically measured pressure waveforms.

3 Minimum excess work when § <1
The nondimensional equation for the minimum excess work, Eq. (19), can

be written in asymptotic form when S = Ts/RC < 1. For small times, the
exponential terms can be expanded using e*! = 1+ ¢ + O(t?). Thus, the
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indefinite integral in the first term can be written

/Ot 0(y)e Vdy = /Ot @(V)dv—/ot Yo(y)dy+ - = v(t)— <tv(t)—/0t U(’y)dfy>_|_

where the last equation follows from integration by parts and ... refers to
terms of O(t?). Using this, the first term on the rhs of Eq. (19) can be written

/Osg(t)et Atb(v)evdythS@(t)(1+t+ ...)<v(t)tv(t)Jr/Otv(ry)dnyr”_)

S S t S S
:/O v(t)v(t)dt—l—/o v(t)/o o()dydtt - =1 (v(S)) +v(S)/ v(’y)dv—/o V2()dt

where we have used integration by parts and v(.S) = 1, which follows from the
use of the stroke volume in the nondimensionalisation, and define the average
over the time of systole (-) = & fOS - dt. The various factors in the second term
on the rhs of Eq. (19) can similarly be written

ers 1 1(1 S, )
e —1 1—-(1-rS+i(kS)?*+...) S\s 2 7

S S
/ b(t)e_tdt:/ o)1 —t+..)dt=1-5S(1—(v))+...
0 0

S S
/ o(t)etdt—1 :/ D) (1+t+32+. . )dt—1 = S((l—(v))—l—S(%—m)—i—...)
0 0

The term m = % is the first moment of the ejected volume over the time of

systole. Combining these results and neglecting terms of O(S?), we have

= ;+S(<v>—<v2>)—;(1+§> (1—5(1—(1}}))S((l—(v})—&-S(;—m))—i—

K
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4 Minimum excess work when S is O(1)

When S is not small, it is possible to solve Eq. (19) for a number of idealised
volume flow rate functions Q(¢) to find the conditions for which @ > 0. Simi-
larly, for any given ¢(¢) it is possible to determine if the excess work is positive
by solving the equation, numerically if necessary. We have obtained general
results for three idealised cases; constant flow, half-sinusoidal flow and a gen-
eral triangular flow during systole. The nondimensional minimum excess work
is given by Eq. (19)

W= /OS q(t)e’ /th(v)eﬂdvdt— eﬁ,esﬁi 1 /OS q(v)e‘”@(/os q(0)60d0—1>'

Constant flow during systole
Assume the nondimensional volume flow rate is ¢(t) = 1/5 during systole,
0 <t <S5, and zero during diastole S < t < kS. The value of the constant

flow rate follows because fOKS q(t)dt = 1 by our choice of scalings. Using

5 1 s 1
/0 qeldt = g(es - 1), /0 ge”tdt = §(1 —e ) and

S t
/ a(t)e! / g(y)eVdydt = (¢S —1- 8),
0 0 S

we obtain

/lz):

ed—1 7iie’€s(1—675) eS -1 1
52 S S(ers —1) S

e R (e

Looking at the two bracketed terms, using eSS— L > 1, we see that both brackets
are greater or equal to zero and so we conclude that @ > 0 for constant flow
during systole.

Half-sinusoidal flow during systole

A more realistic, but still very idealistic, volume flow waveform is a half-
sinusoidal flow, ¢(t) = 75 sin (%t) during systole 0 < ¢t < S and zero during
diastole S < t < kS. Again, the amplitude of the sinusoidal flow arises from
the condition fOKS q(t)dt = 1 imposed by our choice of scalings. We can write
the excess work
GHSIQ (.[1 — ].)

b=l -~

where
S 2(,5
+1)
I = Heldt = 71—(67
1 /0 q( )6 2(52 +7T2)’
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s 2,8
) +1)
L= e tdt = —— o ) (e
2 /0 a(t)e 2e5(S% + 72)’

S t 2 401 _ e—S)
I He—t gt = m(1—e™)
5 /O a(t)e /0 1erdvdt = g5 ~ 3G an)

Again we see that @ > 0 for any half-sinusoidal ventricular flow rate.

Triangular flow during systole

Measured volume flow rates from the ventricle are generally skewed during
systole. We explore the effect of skew by assuming that the flow is triangular
with the peak velocity occurring at ¢ = U, where 0 < U < S and ¢(0) = 0
and ¢(S) = 0. That is, when U = 0 the flow accelerates immediately to its
maximum value at the start of systole and decreases linearly to zero. When
U = S the flow increases linearly throughout systole, reaching its peak at
the end of systole when it decreases immediately to zero. Other values of U
correspond to different degrees of skew. Because foﬁs q(t)dt = 1, it is easy to
show that the peak volume flow rate ¢(U) = %7 so that the volume flow rate
can be written

2L 0<t<U
q(t) = {Szl(]sw T (1)
se—my Ust<S

The analytical solution is plotted in Fig. 3 for the three cases, U =0, U =}
and U = S. For the triangular flow profile, we see that w can be negative
when the peak flow rate occurs late in systole. For these cases, we can no
longer conclude that the reservoir pressure waveform results in the minimum
ventricular work. We note, however, that peak ventricular flow rate generally
occurs early in systole and so our general conclusion stands.

General flow waveforms

It is difficult to find analytical solutions for w for more general ventricular
flow rate waveforms, which frequently involve backward flow at the end of
systole. It is therefore impossible to state general conditions for which @ > 0.
However, given any flow waveform Qo(t), the positivity of @ can always be
checked numerically using Eq. (19).
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Fig. 3 Nondimensional minimum excess work, w, for triangular input flow waveforms as a
function of the nondimensional time of systole S = T /RC and the cardiac period expressed
in terms of the time of systole k = T'/Ts. Three cases are shown. The top values are for a left-
triangular waveform where the peak flow rate occurs at the start of systole and falls linearly
to the end of systole, the bottom values are for a right-triangular waveform where the flow
rate increases linearly throughout systole reaching its peak at the end of systole, and the
middle values are for a symmetrical triangular waveform where the peak flow rate is reached
at mid-systole. Note that @ becomes negative for the right-triangular waveform when S is
greater than about 1.5 and is positive for all other cases. This condition is physiologically
unrealistic since it means that the time of systole is longer than the time constant of the
pressure fall-off during diastole which means that the diastolic pressure would be very low.
However, it does indicate that @ can be negative under some conditions of ventricular flow

rate and arterial properties.



