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Warm-up exercises (to be done as homework)

The exercises that follow are meant to help you refresh your applied knowledge of simple math-
ematical concepts used throughout the course. Questions 3.3 onwards largely apply to the
stochastic processes and networks component taught in the spring term.

Exercise 1: Differentiating and drawing functions

Consider the following functions:

• f(x) = −x2

• g(x) = 1
x

• h(x) = 1
1+x2

• k(x) = x2

1+x2

1. Differentiate these functions with respect to x analytically, i.e., write down the analytical ex-
pressions of f ′(x), g′(x), h′(x), and k′(x).

2. Draw these functions by considering the asymptotic behaviours for x → ∞, x → −∞, the
zero-crossing points (values of x at which these functions are zero), the values at which the
derivatives are zero (which correspond to extrema of the function), and the values at which the
second derivatives are zero (which correspond to points of inflexion).

Exercise 2: Calculating the roots of quadratic equations

Calculate by hand the (complex) roots of these quadratic equations:

• w2 + 1 = 0

• x2 + x+ 1 = 0

• 5y2 + 2y + 3 = 0

• −2z2 + 3z − 1 = 0

Exercise 3: Scalars, vectors, matrices and eigenvalues

Consider the vectors: a =

 1
−2
3

, b =

 2
−5
−1

 and c =

(
α
β

)
, and the matrices: X =

(
x1,1 x1,2
x2,1 x2,2

)
and Y =

(
3 7
4 5

)
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1. Calculate by hand the following expressions:

• aT b

• XY

• Xc

• cTY

where T denotes the transposition operator.

2. Calculate by hand the eigenvalues and normalised eigenvectors of the following matrices:

• A =

(
2 −1
−1 2

)
• B =

(
2 −1
0 2

)

• C =

1 0 0
0 0 2
0 −2 0


3. One of the eigenvectors of the matrix below has an eigenvalue of 1. Find it.

M =

0.7 0 1
0.3 0 0
0 1 0

.

Exercise 4: Basic combinatorics

Show your calculation to the following two questions:

• Consider an urn with 6 balls numbered 1. . . 6 . How many 2-element sets of balls can be drawn
out of the urn if balls are not placed back in the urn after each draw?

• Consider an urn with 6 balls numbered 1. . . 6 . How many 2-element sets of balls can be drawn
out of the urn if balls can be placed back in the urn immediately after each draw?

Exercise 5: Integration

• Calculate the following definite integral:
∫ t
0 exp(−νθ)dθ

Exercise 6: Partial differentiation

• Calculate the following derivatives of p(x, t) = 1
t exp(−2x2 + t):

1. ∂p
∂t ,

2. ∂p
∂x ,

3. ∂2p
∂x2 .

2



Solutions

Question 1 • f ′(x) = −2x, g′(x) = − 1
x2 , h

′(x) = − 2x
(1+x2)2

, k′(x) = 2x
(1+x2)2

Question 2 • w = ±i, x = −1±i
√
3

2 , y = −2±i
√
56

10 , z = {1, 0.5}

Question 3.1 • aT b = 9,XY =

(
3x1,1 + 4x1,2 7x1,1 + 5x1,2
3x2,1 + 4x2,2 7x2,1 + 5x2,2

)
,Xc =

(
αx1,1 + βx1,2
αx2,1 + βx2,2

)
, cTY =

(
3α+ 4β 7α+ 5β

)

Question 3.2

matrix eigenvalues normalised eigenvectors

A =

(
2 −1
−1 2

)
λ1 = 1, λ2 = 3 v1 =

√
2
2

(
−1
−1

)
, v2 =

√
2
2

(
−1
1

)
B =

(
2 −1
0 2

)
λ1 = 2, λ2 = 2 v1 =

(
1
0

)
, v2 =

(
1
0

)
C =

1 0 0
0 0 2
0 −2 0

 λ1 = 2i, λ2 = −2i, λ3 = 1 v1 =
√
2
2

 0
−1
−i

, v2 =
√
2
2

 0
−1
i

, v3 =

1
0
0



Question 3.3 V =

10
3
3

 is an eigenvector of eigenvalue 1.

Question 4 • n!
k!(n−k)! with n = 6 and k = 2 gives a total of 15 combinations.

• Adding the 6 pairs of repeated balls, the total is 21.

Question 5
∫ t
0 exp(−νθ)dθ = 1

ν (1− exp(−νt)).

Question 6 • ∂p
∂t = −1

t2
exp(−2x2 + t) + 1

t exp(−2x2 + t) = (1− 1/t) p(x, t),

• ∂p
∂x = −4x

t exp(−2x2 + t) = −4xp(x, t),

• ∂2p
∂x2 = −4

t exp(−2x2 + t) + 16x2

t exp(−2x2 + t) = 4
(
4x2 − 1

)
p(x, t).
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